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Abstract—We obtain an asymptotic power series for the Weber—Schafheitlin integral whose
coeflicients are distributions.

KEey worps: Weber—Schafheitlin integral, Kontorovich—Lebedev transform, Gauss hypergeomet-
ric function, gamma-function, beta-function.

In [1] we found the leading term of the asymptotics as p 1 1 of the integral

) = [ o K@K (eo) do 1)

in which K;y(x) is the modified Bessel function of the third kind (the MacDonald function) [2 3],
and ¢ >0, u >0, v > 0. This integral belongs to the class of discontinuous Weber—Schafheitlin
integrals [2], standing out among them as having the most complicated asymptotic behavior as
p T 1. In the case ¢ = 1, the asymptotic behavior of the integral (1) is given by

7.‘.2

I (p,v) —

(M—’_V)Sinhﬂ_(ﬂ_i_y)é(y_#)a pTl (2)

(this property is used for the inversion of the Kontorovich-Lebedev transform [4]). The asymp-
totics (1) for ¢ # 1 must be known in order to calculate nonlinear functionals from the trajectories
of Gaussian Markov differentiable processes, for example, such functionals as the moments and the
distribution function of the number of zeros of a process [5, 6]. In the case ¢ # 1, the limiting
(as p T 1) expression for I?(u,v) turns out to be more complicated than (2) and includes the
distribution Vp(1/(v — p)) in addition to the J-function.

In the present paper, we obtain an asymptotic series for the integral (1) on the basis of the
method used in [1], thus solving the problem of calculating this integral for p close to unity. For
other values, p < 1, this integral is calculated using an exact formula (see [2, 3]), which involves the
product of gamma-function, beta-function, and the Gauss hypergeometric function. Note that the
use of this formula for finding an asymptotic series entails greater effort than the method proposed
here.

Our result will involve the distributions §(z), 6 (z), and Vpz~™, where n > 1 is an integer.
Using w(x) to denote any one of these functions, we define them as linear continuous functionals
(w(x), p(z)) on the space K(—b,a), a >0, b > 0, of infinitely differentiable (on (—b, a)) functions
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©(x) assigning to ¢(x) the numbers on the right-hand sides of the following formulas:

(n)
(6(2), (@) = 9(0), (0" (), p(2)) = (-)"E= n!(o) ) (3)
(Vp i w(w)) =Vp _1 p(z) df, (4)
1 “ k) 0)z*1 dzx
(VPWW(”:)):VP/J@(@_;O@ ,5!) ]xnﬂ, n>1 (5)

By the symbol Vp in front of the integral we mean its principal value in the sense of Cauchy:

Vp/if(a:)dw-l;g( 7Ef d$+/ flx da:)

For the distributions 6(™)(z), the endpoints of the interval [~b,a] for a > 0, b > 0 is of no
importance, but for Vpz~" their values are essential. For example,

1 “d
(Vp—,l):Vp/ 2 _m, (6)
x b T b

We shall say that a function f(a,x) is expandable in a generalized asymptotic series in the
space K(—b,a) and write

x) ~ Z Ap(2)wp (@), al0
n=0

if wpy1(a) = o(wy(a)) and for any function ¢(x) € K(—b, a) the series

oo

(fla, 2), (@) ~ D (An(@), p(2))wnl@), a0,

n=0
is an asymptotic series (in the ordinary sense) for the functional (f(«, ), ¢(z)).

Theorem. For ¢ > 0, u > 0, v > 0, the function f(a,B) = If(u,v) can be expanded in the
following generalized asymptotic series in the space K(—b,a):

™ > a” 1—-p
IP ~ An ) IR = 5 )
2w, v) 4,ysinhm; (Bl 0)— a=-—"10
where 28 =v —pu, 2y=v+pu, B € [-b,a],
ﬂh’a Z k' ) nfk(ﬁ"% 6)7 (7)
S n! n—k
an(y) = Z m(ln 4)" by, (8)
= k! !
- n!
bo=1, boy1 =bpt1(y) = v + Z m(l = 0n0)Un—k; Vky —1

— n' 1- Uk —1(1 — 5nr)
Un— - 9
; Z n—kl'k' k1 Vk; 1H k—kr+1—1)'k ()
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dTL
vn = va(y) = (@) + 9™ (=iy), V(@) = —InD(),

Bu(Bly. ) = KB 7; )+ 10 (8)cos (5 ~ yme)

+n![Vp ™" —d,(B)] si1r1<n2—7r + fylnc) , (10)
n _1\n—k
w8 =0, d,(8) = 3 (s a H B~ (- (1)
k=1
N ! 1+cx n T
Kn(ﬁ,’y,c)—/o |:COS<,81H$—’)/1H $+C)ln m
—cos(flnz +yInc)In"™ %] dgx, (12)

['(x) is the gamma-function, ) (x) is the polygamma-function, and &;; is the Kronecker delta.

Remark. The coefficients of (9) b, = b,(v) are defined by the relation (see Lemma 4 below)

Dot i) Do~ )| =P T(=im)bay).

The first four coefficients are
b1 = vo, bgzvl—l—vg, b3:’U2+3U1’UO+’Ug, b4:U3—|—4’U2U0—|—6’U1U8+3U%+Ué,

where the vi(7y) are the same as in the statement of the theorem.

The proof of the theorem is based on Lemmas 1-4, which can be of use outside the scope of the
problem under consideration.

Lemma 1. For ¢(z) € K(—b, a), the following formula is valid:

a T (n) .
-b :
in which " .
en(@) = p(z) = Y #- (14)
k=0

Indeed, by the definition of Vpz=""! (see (5)) we have

1 “ ™M (0)z"] dx
(Vb iz @) = Vo [ [ento) + £ 22 (15)
Since ¢, (z) = O(z™") for small z, it follows that
Vp/ cn(z)z™ "t da :/ cn(z)z™ " da, (16)
—b —b

and we readily obtain (13) from (15) and (16), since the integral of the second summand in (15) is
equal to ©™ (0)(Vp1/z,1)/n!.
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Lemma 2. We have the following generalized asymptotic series in the space K(—b,a):

Y ) (@0 @) ato, a7)
n=0

where the d,(z) are defined by formula (11) (for B = x) and

—1)"ims(™)
(,'Jj :F,l-o)fnfl — prfnfl + ( 1) 2:;5 (‘r)

Proof. Consider the linear functional (1/(z —ia), p(x)) for ¢(z) € K(—b, a). Obviously,

(w _12-(1790(36)> = w(ia)<x _12.(1,1) + (1, %ﬁia)). (19)

For o # 0, we have

1 @ dx 1. a®>+a®> . a b
—,1) = — — — In ——— + ¢ |arctan — + arctan —
T — i yT—ia 2 b4 a? a a

and this expression can be expanded in the asymptotic series

o0 —k _ (_p\—k
ln%—kiﬂ—kZ:l(ia)k%, al 0.

In a similar way (Taylor series), we obtain

pla) — plie) _ 3 (i) en (@)= (20)
n=0

where the coefficients ¢, (z) are the same as in Lemma 1 (see (14)). Using this lemma and the
linearity of the functional, for the second summand in (19) we obtain

(1 22— EED) = 3™ o (Vo o)) — ptied (Vo 3.1 1

n=0

so that, by (20), (21), and (6), from (19) we obtain

(w —1m’ w(x)) = w(m){m _ i (z’c;)k [aF — (=b)~*] + i(ia)” (Vp # (p(gj)) } (22)

k=1 n=0

Expressing ¢(ia) as a Taylor series in powers of o and multiplying the asymptotic series in the
first summand in (22), we see that

($ _1ma @(x)) = i(ia)"{%m - (Vp $n1+1 : go(x)) - kznjl %[a‘k - (—b)"“]}.

n=0

From this expression we obtain (17) if we recall (3)—(5), (18), and (11). In the same way, we can
prove the formula for 1/(z +ia). O

Note that the finiteness of the length of the interval (—b,a) in the definition of the space
K(—b, a) of main functions gives rise to the additional summands d,(z) in (17), as compared to
formulas generalizing the Sokhotskii formulas [7].
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Lemma 3. The following generalized asymptotic series in the space K(—b,a) are valid:

(%
5 5 E ' |: ) COS —|— n: (

z nm
o (n) o
i g .[5 ) sin 5 —|—n!(

where the d,(z

)
Formulas (23), (24) are readily obtained from the representation

- dn(a:)> sin ”—2”] . al0,  (23)

1—dn(;p)>cos”—;], al0, (24)

are defined by relations (11) (for z = 3).

2ia 1 1 2z 1 1
_|_

24+ x4ia z—ia’ r+ia  rHic T —ia
and the previous Lemma 2 (see (17)—(19)).
Lemma 4. If v > 0, then we have the convergent series

42710 (a+ i) T(a —i7) = ———— 3 ap (1) 2
(e + i) T(a —iv) 4,ysinhmn;)a (M~ (25)

in which the a,(y) are defined by relations (8) (9).

This assertion follows from the analyticity of the functions on the left-hand side of (25) for
v > 0. Multiplying the Taylor series for 4%~! by I'(a+ i) I'(a — v), we obtain (25), since by the
Leibniz rule for the differentiation of a product we have

gantlat ) Tle—dy)| =Ty (=) ba(v),
where I'(iy) I'(—iy) = w/(ysinh7y) and the coefficients b, () are the same as in (9).

Proof of the theorem. In [1], it was shown that

IZ(p,v) = 4°7'T(a+ i) D(a —iv) F (B, 7),

R = [ el ) - (w)

—oo (14 2¢-cosh2t + %)’ 14 ca?

where

In view of Lemma 4, it only remains to find an asymptotic series for the integral F(3,v). By
the change of variable exp(—2t) = =, we reduce the integral to the form

2R (be, ) = / 2 fal@lB, 7 ©) + fale] - B, —; )] de, (26)

where A A '
fal@lB, 75 ¢) =2 (z+¢) (1 + cx)

In (26), adding to the first and second summands in brackets and subtracting from them
= Bc™ and 2P| respectively, and taking the integrals of z®~ %=1 and z®*%~! we obtain

2F° I

o _ i1+ cx “ T ~ a
Jc(lga’Y)—/o [<$+C> eXP<alnm>—c 'Yexp<alng>
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In (28), let us replace the exponentials by their Taylor series in powers of a. We obtain the
asymptotic series

TG ) ~ 3@ S, alo, (20)
n=0 :
in which
L 1+ecx gl T In" =z
. _ —iB—1 n i
Qn(ﬂa'}/ac)_/o x |:(ZB—|—C) In —(33+C)(1—|—CZB) c B dz. (30)

The integrals (30) converge for any integer n and any real § and v > 0. Indeed, the integrand
can have a singularity only at « = 0, but in the neighborhood of zero this function for v > 0 is of
order 7" 1In" z and this singularity is integrable for a real 3.

It is readily verified that the series (29) is asymptotic if we replace the Taylor series for the
exponentials by partial sums whose remainder, after integration over (0, 1), yields a finite value
multiplied by the order of the first discarded term.

Since the first two and the last two summands in (27) are complex conjugate values, from (27),
by (29), (30), we obtain

sin(yInc) + ZKn(ﬂ, v; c)a—n (31)

cos(ylnc) + T
n!

o p
e ~N—_— =
where the K, (8, 7; ¢) are defined by relation (12).
The asymptotic series as a | 0 for the first two summands in (31) were constructed in Lemma 3.

Using (23)—(25), from (31) we obtain the generalized asymptotic series

F2 3,7 ~ 3 BalBls 0 (32)
n=0 ’

on the functions ¢(8) € K(—b, a).

Multiplying the asymptotic series (32) and (25) (Lemma 4) and collecting the coefficients of o™,
we obtain the assertion of the theorem. This operation is legitimate, since the series in powers of «
are multiplied and since only one of them is a generalized asymptotic series. [
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