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yAK 533.6.011.8

K). Illnaxa

aci4miitoti44eckoe rloBEAEHI4E iiotokob MACCbl, 14MrlyjlbcA
I4 3HEPI"KI4 HA rlojlyl3EcKoHE4HoH IJJIACT14HKE IIPI4

6OJIbIIjI4X M

B HacToAIueii pa6oTe HccjleAyeTcA c K[4HeTI14ecKoü to'ikii 3peHMsl

ä(MMIITOTHKä 4äCTOTbl yAapoB lV MojleKyjl o TCJIO, KäCäTCjlbHCTO '

IIMIIyjlbca Px Il 3HeprI1I4 E, IlepeAaBaeMblx MojIeKyjlaMIl IIjIäCTHHKC,
b 3äBHCI4MOCTI4 ot paccTosIHI4A x ot rlepeAHeii kpomkii IIjIäCTI4HKH npu

6ojif>iijhx M.

§ I. 4'yHKUI1A pacrlpeAejleHm f(')(;,, ii)

PaccMoTpHM nlllep3ByKoBoe @OÄOJ1bHOC o6TeKaHl4e 6ecKoHe4Ho

tohkoH IIjIäcTHHKM y — O, x > O OÄHOäTOMHbIM pa3pex{eHHbIM ra3oM,
cpeAHslsl 6e3pa3MepHasl CKOPOCTb KoToporo paBHa Uq = {I, O, O}. B jjäjIb-
HeEiljjeM bcc BejII14IiHbl 6e3pa3MepHbl. jjoIIj'cTHM, 4to MojleKyjlbl rjlaAKue

ynpynie jIlapbl pi i4x oTpa}KeH14e ot ctchkh Au¢)(l)y3Hoe, a TeMrlepaTypa

IIjIäCTHHKIl He OTjIH4äCTcA ot TeMrlepaTypbl HeBo3MylueHHoro ram.
Tpe6yeTcA HaiiTI1 acMMIIToTH4ecKoe rIoBeAeHue (l)yHKuu [I]

N(r,)— — ßSf (",, u)u,du, (1,1)
üy<0

p, (",) = p; — pZ, (1,2)

E(;,) == E" — E" , (1,3)
me

E 2gf'ö(r,. u)uµlu.
, üy >0 ·

E"= fßä'(r,, u)u'du,

üy >0

Px 2 ]" J" ¢ f(r,, u)u,µ,du,
Uy <0

" !:gf(r,, ii) u,u'du,

(1,4)

(1,5)

(1,6)

(1,7)

iipi44cm f (F,, ü) — (l)yHKUFIA pacrlpeAejleHI4A MojleKyjl ra3a iio koopah"

HaTaM pi ckopoctsim; Ö — rpaHI4'IHasl (byHKLUIsI po}kachM; r,—paAHyc-

BeKTop to4ki4 (x,, y,, Z,) Hä iiobcpxhocth F (F,) = O o6TeKaeMoro Tejla;

u — CKOPOCTb MojleKyjl. " 2h2
TaK KäK b cjIyqae Am)(l)y3Horo oTpa}KeHIIsI (i' == uye_h"'N (F,)

(h — : M') [I], TO 143 (1,4) PI (1,5) 11ojIy'uIM
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pZ=0, E"= : iV(7,). (1,8)

OTcK)Aa biliiho, 'ito 1i,/ia orlpeAejleHHA lV, p,, E Tpe6yeTcA HaiiTII N,

PR, E". 3tiim Mbl b AajlbHeiiuleM i1 3aüMeMcsl. BBcAeM o(503Ha4eHI4A

Ki = — SSSf (",, ii) u,u),dii, i=0, 1, 2, " (1,9)
üy <0

II[M4CM

K, = N (7,), K, : PF (7,). K, E" (P,), (1,10)

Q'0 " 1, ü)j = ux, 'u/2 = jj2. (1,11)'

llo MeToAy jIocjIeAoBaTejlbHblx IIpI16jIIFRKeHIlü moxho BbI'IKCjIHTb Ki
cjIeAyK)IUMM o(5pa3oM:

id"' — — !,gf'"'(7,, ii) u,w,du, i= O, 1, 2, (1,12)

me n— HoMep IIpH6jIFRKeHHA.
Ecjii1 3ä HyjleBoe I1pK(5jImKeHHe 6paTb MaKcBejIjIoBcKylo 0yHKLUIK)

pacllpeAejleHHA fo — ( : )3/2 e—h (ü— ;i,)2, to 0yHKIIpIA pacllpeAejleHI4A Ajia

rlaAaK)Luµx MojleKyjl b IlepBoM IIrIpI46jImKeHpIH tozkc MaKcBejIjIoBcKasl [2]
i4 no (1,12) (5yAeM HMCTb

K!°) == Kl'), i== O, 1. 2, (1,13)
me

Kt"= Kl"—-, ,i;jj-, K$"— Kt"(1+ : ).

,OTcIoAa BHAHO, 4TO B IlepBoM IIµI6jImKeHIIIl ewe H144ero Hej[b3A
CKä3äTb O 3äBMCMMOCTH Ki OT paccToAHHA X OT HOCKä IIjIäCTHHKIL 4TO(JEJ

HaüTM 3Ty 3äBKCFTMOCTb, paccMoTpHM BTopoe IIpK6jImKeHMe jjjIA f (r,, ü).

IA3 KF[HeTM4ecKMx ypaBHeHu C. B. BajIjIaHAepa j1] cjIeAyeT

CO

FG,, ii) = S 0(') (7, — cii, ii)II(') (F,, ii, T) d", (1,14)
O

rite t — BpeMsl cBo6oAHoro ABII}KeHFlsl MojleKyjIH; 0 (R ü) — BHyTpeHHsIA

(l)yHKUHA poxAeHu; II (r, u, C) — BepoATHocTb cBo6oAHoro ABInKeHI4sI

MojleKyjlbl b To'IKy r co CKOPOCTblO u 3ä BpeMsI c.
Aajlbllle mo1kho 6f,ijio 6ej 14CKäTb q)(l) i4 II(') 4epe3 Ko3(1)0KIIMeHTbl

a,, (i) [3], ho 3tot IlyTb bcact k cjihlu kom rpoMo3AKIIM pac'leTaM.

I"Io3ToMy Mbl CÄCJläCM 3ACCb oaho yllpoluaK)Iuee IIpeAIIoj[o*eHHe.

Bocllojlb3yeMcA xopotuo I43BCCTHbIM i13 jIHTepaTypbl [I], [4] TäK

Hä3blBäCMbIM T-IIpM6jImKeHHeM, T. e. IIOJIOXMM

(I)"' (r, ii) =fj"(p, ü) Qt" (r, ii), (1,15)
me f§l) — jIOKäjIbHOC MaKcBejIjIoBcKoe pacllpeAejleHHe

A') (F, ii) — n(') (f)'! h(')!,) j'/'exp{ h(') (r) [ii Ü(') (F)]'}, (1,16)

IljM4cM n(') _ 4I1CjICHHäA IIJIOTHOCTb; Ü(l) _ cpeAHsIA CKOPOCTb PI T(l) =

h:) _ TeMrlepaTypa ram (h — : M') , KoTopble 6e,ijih jIojly'leHbl b [2]

iii Qt')— (l)yHKukiA cTojIKHoBeHIlii, KoTopasl BHpa}KaeTcA TäKHM 06pa3oM [I]:

DO

q{"(7, ii)- jjflüii- iijf("(7, u:)dii,] (',17)
-— 3Q
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rIpHHHMaA Bö BHI4MäHHC (1,16), I43 (1,17) IIOJIJ"IMM [I]

Q("G, ii) -V:':',,, I'"'"""' +9 Vr*(1+2h'%')erf (c' ]'rh'")}, (1,18)

rAe 7) = u —Ü(l) . OcTaBjIsIA B acI4MIIToTM4ccKI4x (1?opMyj[ax j(jIA Ü(l)

Fi T(l) if13 [2] TOjlbKO rjlaBHblii 'ijich acHMIIToTHKU npu h + co, 6yAeM

IIMCTH
U"—{'-ä> 03 O}, (1,'9)

Ni) _ h 3n(l)'
T(l) " 2 (n(1) ns) ( 23h n(l) + n,) '

(1,20)

me n, — IIjIOTHOCTb IIoToKa 4äCTI4ü, pdxachhhx Hä ctchkc [2]. OTcIoAa
bi4aho, 'ito A') (r, ü) Fl Qf') (r, ii) Bblpa*aIoTcsI TOjlbKO qepe3 11(') iii n,,.

rlp[lHIlMasl bö BHHMäHFic Bblpa}KeHple jjjIsI II (r, u, t) [I] Fl (1,15), (1,14)

MOXHO 3älIHCäTb B BILue
CO

f(') (F,, ü) " $ A') (r,—ü1, u) Q$') (r,— Ul, ü) >(
O '

X exp I i Qt" (r, qu, ü) dq} dt,
(1,21)

· me A') fi Qt') Bblpa*aIoTcA iio (1,16) pi (1,18). r[oAcTaBjIsIsI..(1,21) b (1,12),

Mbl Mo}keM BbI4IFICjIHTb Ki bö btopom 1IIIpIM5j[mKeHIUL

§ 2. Bblpa)KeHI4sI Ajisi K!') (i—O, 1, 2)

IIO (1,12) KMeeM

Kl" == — $$i f") (r,, ü) u,w,du, i= O, I, 2,
üy <0

(2,1)

me Ul, Fi ,j'(2) (r,, ü) BbI4HCjISUOTCSI IlO (1,11) i4 (1,21). Ilocne 3aMeHbl

Uy " — u, FIHTerpajl (2,1) rIeperIHIIjcTcA b bpiac

K!" = f! ff"' (r,, uj zu,|,,,, _ ,,,u,ciii, i=0, 1, 2. (2,2)

I"IoAb[HTerpajlbHasl (l)yHKum b (1,21) 3äBpIcIFIT ot R') ,i Q$') KoTopble
b BILIIy (1,16), (1,18), (1,19), (1,20) Bblpa*aK)TcsI 'Iepe3 n(") ( r,, _ ,u)

iei n,(r,— Ul). H3 j2] cjIeAyeT

/j(i) (r, Ul) _ : (1+ erf JV"K x "u:u,, ) + n,(r,—ü1) +

CUy

x — tux
) X+ : (I — erf J/h

,

_

,Vl-j-( X "u:ux )"

" X [I exp{ : 'Uy J,// 1 : ( x "":ux )' (I + erf Vji x ""j;,, , )]] , (2,3)
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ns (rs _ tll) "

. ' 2 : 3 e"3(?*)'/' {I + erf [X ;u" ("2* )1/3]} |1 + O (a" :')1 ; 0(" ~ "' (2,4)

:(1 + : arctgx ,,"yll") + O (Ct* ln oe'*); CL"' -Ö O, '

rjiC
,Ü == </' Tlly (I + erf Vb x '",'uX) . ' (2,5)

. Kak BpIjjHo fi3 (2,2) Fi (1,21), jjjIA orlpeAejleHI4sI Ki Häjjo Bbl414C-jIHTb 4eTb[pexKpaTHble I4HTerpajlbl.
BBI1Ay HepaBHoMepHoil äcHMIIToTHKH . y

n,(rs —Ul) b(jjih3i1 tiobcpxhocth IIjIä- 1

CTI4HKFI o6jIacTb IIHTerpF[poBaHI4A B :t -tu,,"0 X-T üfZO
'(2,2) pa3AejIsIeTcA rIoBepxHocTAMI4

- - 2 2CToKca Hä IIoAo6jIacTIL B KOTOPb[X U,_

, *noBeAeHHe IIoAbIHTerpajlbHoü (l)yHK- " Tüy 1 3 " =0(1)
um pa3jII14Ho. IJpu Bb14llcjleHm,(2,2) 'tu>r " "

Häjjo HHTerpHpoBaTb tio t, t. e. iio a

JIJl4äM, iio kotope,im MojleKyjlbl mo- Puc. /.

ryT co6MpaTbcsl B T0'IKy r, (puc. I).

I"Ipu x —Tux < O, t. e. jjjIs! to4ck, pacIIojIo}KeHHblx nepeii 11jIäcTHH-

Koii y =0, x >' O, Mbl 1?[MeeM HeBo3MylueHHblü iiotok pi

ff" f?' (:)"","'": ,

Qt')— Qi" = ,Ar r + g J//"i (i + 2h<) e'f(o, Vh)} = %, (2,6)

r,ue Y0 = u " L/0 .
Ho b To4Kax, lfjISl KOTOPblX X —cux> O, fg) FI Qt') BbI4MCjIAK)TCA

no (1,16) Fi (1,18). TaKF1M o6pa3oM, ojjHä fi3 IIoBepxHocTeü CToKca 6yAeT

cll., == x, 'r. e. abjiactc51 rI4IIIep6ojII44ecKIIM lul/ihhapom c OCblO Ouy (puc. 2).
Tlpu x —c ux > O Bblpa}KeHue b cKo(jKäx b (2,5) FiMeeT iiopsiaok ejµi-

HWlbl Iijia BCCX ll FI t i43 O(JJIäCTl4 MHTerpHpoBaHHA b (2,2). rlogToMy
BBIIAy (2,2) fi (2,5) BTopoii rloBepxHocTblo CToKca sIBjIsIeTcA rmlep6ojlu-

I

4ecKu iµijiiihap "lly == h" T C OCblO Ou, (piic. 2).
rloBepxHocTb cu,." O' AejIMT O(JJIäCTb HHTerpHpoBaHFIA b rIpocTpaH-

cTBe t, ux, Uy Hä ABe 'läCTI4 Qi fi Q2, b KOTOPblX x—Tux < O fi x — Tllx>0.
1

rloBepxHocTb CToKca Uly== h 2 AejIHT b cboio o'lepeAb Q2 Hä ABe 1IOA-

o(jjIäcTH, b oAHoii pi3 KOTOPblX a* -+ O, a b iipyroü Gl* ~ co. H3 piic. 1

fl pi4c. 2 mozkho cj(cjIäTb cjIeAyIoLLLI4e BbIBQIjbl OTHOCI4TCjIbHO onpeite-
jIeHI4A K,(2):

I) Co6upasi MojleKyjlbl iio jIyqaM 1, Mbl aojixhh HHTerpHpoBaTb iio
bccm ckopoctsim uz i1 iio o(jjIäCTI1 Qi B rIpocTpaHcTBe T, u,, lly.

2) Co6upast MojleKyjlbl iio oTpe3KaM jIy'leii 2, Mbl jjojIxHbI IIHTe-
rpI1poBaTb tio bccm uz fi B IIpocTpaHcTBe T, ux, lly J1O 'IäCTIFI o6jIacTH Q2,

b kotopoK a* -> ,x,.
3) Co6upasr MojleKyjlbl iio oTpe3kaM 3 b r[orpaHM4HoM cjioc, Mbl

(5yAeM IIHTerpIIpoBaTb IIO BCCM u, Il B IIpocTpaHcTBe T, ux, lly nö 4acTH
o(jjIäcTI4 Q2, b kotopoH ü." -+ O.
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1

4) B oKpecTHocTFI iiobcpxhocth Ctok(m Clly h" T, T. e. npu a*
" O (I), Mbl npu oueHKe HHTerpajla Kl2) orpaHpI4HMcA TOJlbKO ero tio[mä-

KOM IIO h.
TaKIIM o6pa3oM, I1pIIHHMaA bo BH[4MaHIle IIoBepxHocTb CToKca tu, = x,

IIHTerpajIH (2,2) mo)kho IleperlucaTb b BI1Ae

K!') — KE) + K!:), i_ O, I, 2, (2,7)

f

7 " )

' , .. S2,

-/-Ag-

,,? °'
':b!'""",' """ """""

"1
&Üg ,y9>

7"/ // :/

\\\\\\\\\\\\\\\«<\\\\\\\\\\/\\\:\\\\\\ \\\\

A,

1Hlj )

Puc. 2.

me

DG '

Kl'i) = $ if !' u,F,dll.,du,dcdll,,
—o" Qi

cX)

K!? = S j' jj u,F,.du.,du,dcdu,,
— «' %

EI
F, = R') (r, — Ul, u) Q$') (r, — Ul, ü) X

X ,,P |_ i Qt')(7, — qii, ii) dq] u',j,,,__,,,,.

(2,8)

(2,9)

(2,10)

BBmy (2,6) pi piic. 2, jjjisi KR) pimccm '
CD OD OD OD r

K,(? = S du, ,f du, i du, j d"ugu,f$0e "°'ü),. (2,11)
— DO O O X ,

u.r
HHTerpllpysl b BblpaxeHm (2,11) tio t, IIojIy'uIM

CO CO CO X

K,(? f du, $ du, $ du, u,fä°)w,e"""°ii"x . (2,12)
—CO O O

OueH14Basl b (2,!2) FIHTerpajlbl iio ux i4 u, tio MeTolxy JIarmaca npii
h~ oe', IIo..'Iy4HM

CO

K!? = V7",i' ;;,,,,,, """:' " "'"""du.,,, i — O, 1, 2, (2,13)

C)
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nie
Ö, Ö, i,ä, 1+:+u:. (2,14)

I/IHTerpajni[ BI4Aa (2,13) 6epyTcsL B pe3yjlbTaTe 6ylleM ii1mctg

K$?) = K,(?) = 2 )nh {1 — " Vre"' [I — erf x]}¶ (2,15)

K!?)=[1 + : (: + x')IK1?) _ 4 ;jtj h ' (2,16)

me " 2 ; h · Aajlee, II[MHHMäSl bö BHIIMaHHe (2,9) Il pkc 2, K!22)

MOXHO 3älII4CäTb B BFIAC
Ki(2!) == Ki(22,) + Ki(?,) + Ki(22,), (2,17)

rAe
1

h 2 (i-g X

,O m üy T

K!:! = S äuz S du, S d" S du,u,F,,
— OD O O —OD

I
h" %+9 X

kE — $ du, i du,, i' dc i du,u,F,,

— OD O I — QO

/1 2 (1—Q

"·y

(2,18)

(2,19)

X

OD CO <X) T

Kl?,! - $ du, ,f du, .f dT S du,u,F,. (2,20)
-- OD O I —QO

, /1 2 (E-jj)

"y

]AHTerpajl (2,19) BbIACjIACT oKpecTHocTb i1obcpxhocth CToKca Uly =

I

= h ' , b kotopoH a* = O (I). BooWe roBopA, e aoji}kho 6bITb (l)yHKuueü
ot h, KoTopaA cTpeMIITcA k HyjIIo npu h -> cjo. I"IpoAejlaHHble b [2] fi [5]

pacqeTbl MaKporlapaMeTpoB ra3a IIoKa3bIBaK)T, 4to npu Bo3pacTaHIIH h
06jIacTb 4hcjichhoi"o HHTerpHpoBaHHsl (nie a* O (I)) TäK CKjlbHO cy-
1KäCTcsI, 4to IIpaKTwIecKIl acHMIIToTH'IccKHMM (t)opMyjlaMH mo1kho IIOjIb-
3OBäTbCSl BIIJIOTb ao [iobcpxhocth CToKca. 3to IIoAcKa3HBaeT, 4to (2,19)

hc 1iojizkch AaBaTb BKjIäÄ b rjlaBHblü 4jich äCIlMIITOTHKH Kl:). BBILuy He-

npepbIBHocTKI jj(1) Il n, [2] IIoAbIHTerpajlbHasl (l)yHKUHA b (2,19) TaK*e

HeIIpepHBHa. I"Io3ToMy, IlepexoAsl b (2,19) ot pIHTerpHpoBaH[lsl iio c

K HHTerpHpoBaHIno IIO y,="uy Il oueHHBaA iiotom MHTerpajl iio y1 iio

TeopeMe o cpeAHeM 3Hä'IcHMI4, 11ojIy'nIM cjIeAyIoluylo oueHKy:

" " Klä! = o ( Eh" : ) , i = o, 1, 2. (2,21)

¢'yHKUHK) E (h) MO2KHO yTo4IIEITb, BbI4HCjIAA jj(1) (KoTopa51 BXOAIIT
b (2,19) b bi4ac IIHTerpajla) Ajisi pa3Hblx 3Ha4eHu h fi oI1peAejlslsl i1otom

CTCIICHb cyxemst o(jjIäcTH 'u1cjichhoi"o I4HTerpMpoBaHHA b 3äBI1CII1MOCTH
ot h. Ho Mbl 3Aecb orpaHIl'uIMcA TOjlbkO oueHKoü (2,21). 4to(jh HaüTFI
Ajisi Kl? rjlaBHblii 4jich acHMrIToTMKH, HaAo euje OL[CHI1Tb MHTerpajlbl

(2,18) FT (2,20).
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§ 3. OueHKa MHTerpajIoB K!:l

ljo (2,20) FIMCCM

' X

OD OD OD

K!:| = i' du, f du, S ah i du,,u,,F,, i=0, 1, 2. (3,1)
— CO O 1 — OD

/1 2 (I S)

uy

3Aecb HHTerpHpoBaHHe 11poi13boä[itcs[ jio oi5nacm b TIpocTpaHcTBe

T, u,, Uy, B KoTopoil a* ~ CD. I"IpIIHIIMaA BO BHEIMaHHe (2, 10), (1,16),
(1,18) Il ocTaBjIsIsI B (1,19), (1,20), (2,3) kl (2,4) TOjlbkO rjlaBHli[e 4jICHbl
acI4MrIToTIuai npii cl" —> co, HHTerpajlbl b (3,1) mozkho llepeI1IlcaTb b bi1ac

.r
co m Qq T

K!:! — f du, J' du, )' dc S du,u,z', fS°)e-"o"u/,, (3,2)
— OD U I — DO

/1 2 (1-1-')

"y .

nie %, ft0) ft ü), BCJIFI4EiHlj 113 (2,6) fi (1,11). OueHHBasl b (3,2) I4HTerpajIH

iio u, iio MeToAy JIaruaca rrpu h + co, IlojjyqHM

. .r
DO CO T

Kl2 = : S du,, )' dt ,!" du,u,,u'; V (ux — I)' + ü; X"
Ü 1 — CO

h 2 (1+Q

"y

X e"h[("x-l)'+u:]-"V (ux-l)'+u;, (3,3)

rjje e
ü';— 1, ü'; — u,, W;_ uj + ":, " ik. (3,4)

PlHTerpajlbl iio ux mozkho pa36KTb Ha Abc 4äCTIl, a 14MeHHo

.r .r
T O T

" n1 du.,— S du, + S du.,. (3,5)
u— DO — DO O

KaK BHAHO i13 (3,3), iipu HHTeI"pI4poBaHIlu iio u,. MaKcHMyM IIoAblHTe-

rpajlbHoü (l)yHKum HaxoAI4TcsI b to4kc u,"1. TaK KäK 3Tä To4Kä jIe-

zkht BHe o6jIacTF[ iIHTerpI4poBaHI4sl nepBoro I4HTerpajla b rlpaBoii 4äCTH
(3,5), tg) oh 14MeeT iiopsiaok e-°(t') [6]. CjleAoBaTejlbHo, npu Bbulucjle-

X

T

hiii4 K!:l rjlaBHylo pojif, IlrpaeT ,!' dur. 3to acho Fl m ¢)I43u'lecKIIx coo6pa-

}KeHuii (cm. piic. I), t. e. I4HTerpHpoBaHMe iio oTpe3kaM jIyqa 2, Ajia
KOTOPblX ux < O, hc Aojixho jjäBäTb BKjIaA b rjlaBHblil 'ijich äCMMI1TOTMKH,
TäK KäK IIO 3TPIM jIy4aM B To4Ky X co&IpaeTcA MCHbLIjC 4äCTHI[, 'ICM I1O

jIy4aM, 'jjjIA KOTOPblX ux > O. II1p[IHI4Masl bo BHFIMaHIle pi4c. 2, Bblpa}Ke-
,iific ajisi K![| IIeperIHLueM b BIIAe
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X

DG uX CO

K!:l = : jdux j' dT S ciu,u,ü'; V (ux— 1)'-f- ü; X

O O 1

h 2 (j-j-E)

-h[(u,-')'" u;] '1// ("x ')'" ";
X e + O(e""). (3,6)

OueluiBaA 3Aecb FIHTerpajl iio llx b oKpecTHocTH to4kfi ux = 1 iio

l\/leToAy Jlanmca npu h ~ co ft IlepexoAA ot IlepeMeHHoH MHTerpMpoBa-
HEIA Uy K z==h1/2(1+£)"1Tuy, 11ojIy'uIM

I

k!:!= ::(1+F)'i jz,z'e """"" """""'"Z;; dz, i—O, 1, 2, (3,7)

1 O
rÄe äj — BCJIII4HHbI i13 (2,14). Ilocne 3äMCHbl r[epeMeHHblx -L == t 3ti1

T

ÄBoEIHble HHTerpajlbl BbI'IHCjISIIOTCSI, fi b pe3yjlbTaTe (5y,ueM HMeTb:

K$!!= ,;R: c"'j1— erf j4 +41 = Kl2, (3,8)

,Kl2=(1 +4,) Ke,), + 4 vf ,, e" q'"': , (3,9)

X
rite '" 2 yrk ", 4TO(Sbl IIOJIJ'4MTb oKoH4aTejlbHble acI1MIIIToTIl4ecKFie (l)op"

Myjlbl Ajia Kl2), OCTäjlOCb Cuje pjccj[eAoBaTb HHTerpajlbl k!:!-

,

§ 4. AcMMrIToTKKa I4HTerpajloB K!:!

llo (2,18) fimccm
I

h 2 (I-- E) X

,,Q CO (I y T

K!:}= S du, j' du, ,f dT vf du,µ,F,, i— O, I, 2, (4,1)
-— CO O Ü — OD

wie b chjij' (2,10) Fl (1,11)
F} ,== 0(') (r, — TU, u) exp 1— ,i Qt') (r, — qu, ü) dg 1 UJj )u,--u, 7 (4,2)

Ü/Q " 1, 'UJj " ux, @2 — uZ (4,3)

B (4,1) I44HTerpHpoBaHI4e 1ipoi43boafitcsi iio bccm u, Il b IIpocTpa'HcTBe
T, u,. lly IIO 4äCTK O(jjIäCTH Q2, b kotopoH ol"' ->- O. ljepexomi b (4,1) ot
HHTerpKpoBaHI4sl TIO c K In[Terp[lpoBaHI4Io IIO y, ""Uy I4 OüCHj4BäSl JIOTOM

HHTerpajl tio yl nö TeopeMe o cpeÄHeM 3Hä4CHMEi, 11ojIy4KM

1 co o, Auy

K!ä! =h" '" S dujdu, J' dug'"("s t; ii, ii) x '
— DO O —OD

yo

. üy
X e" !' Ql)')(r,--qu? ") " üj, + O ( E/I : ),

(4,4)
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1

me )6 = * ii O < yo < h ' Bblpa}KeHue (4,4) mozkho r[epelIHcaTb b BIIAe

J'o
"y

Kl?! =h" f i du, i + i du, ^i'du,,ur,(l), 1°$"" + , (,h" S) ,, (4,5)

— DO O — - DO

' yo

me yo=o(y:) Il o < o'< 1.

~yo
OueHHBaA S duy IIO TeopeMe o cpeAHeM 3HaqeHIUL rIojIy4[4M b (4,5)

O
cuaraeme o (qh" S) . OcTaBLuucsl MHTerpajl 11MeeT iiopaAok h" t Ilo-

3ToMy oKpecTHocTb MäjlblX lly HC ÄaeT BKjIaA b rjlaBHblil 4jich äCI4MIITO-

tiiki1 K!:|. CjleAoBaTejlbHo, TäK KäK npu u, >;, BepxHu npeiten KHTe

rpana iio q cTpeMHTcA k HyjIIo npri h + cd, Bblpa*eHue (4,5) mozkho

3äIIIlCäTb B BI1Ae
1 QQ OD Au yKla| =h" "'" S du, ,!' du, S du,0'jr, -- Z: ii, ii) Ul, + o (;,h : ) . (4,6)

— CC O — OD

3to 3Hä'UIT, 4to AajlbHeihjjue MccjTeAoBaHKsl iipoboaiim b paMKax

Teopm oAHoKpaTHblx ctojikhobchM, TäK KäK b HäLLICM cny'iae BeposIT-
HOCTb cBo6oAHoro npo6era paBHa eA[lHIlue. KaK yxe 6hjio oTMe4eHo
b § 2, (b(l) Bblpa*aeTcsl 4epe3 n(l) i4 n,. 3tpi BejIwUIHH rIocjIe oIjcHKpI

b (4,1) HHTerpajla llO c i4 BBI4Ay (2,3) pi (2,4), IIpIIMyT biu:

n(') = : (I + erf '?) + n,+

+'; (1—"f V ,t:,, )[1_ ""P' : yol/ 1 +i6, X ('+erf fS)}|, (4,7)

n,=' : (I + : arctg y), (4,8)

me

yo
" _ Uy "" . (4,9)

P* _ yo
3Aecb ß* — KoTaHreHc yrm ,vexay 11jIacTHHKoH i4 npsmoü, npoxoiisr

trujeü 4epe3 IlepeÄHFoFo KpoMKy IIjIäCTI1HKH ipt to'ikh b IlorpaHH'IHoM cnoe,

pacrIojIo}KeHHble Hä paccTosIHHII J/o OT rIjIacTHHK[1. jjjIA cyluecTBeHHoro
yIIpoLUcHHsI AajlbHeiiIIIHx BbuIIIcjIeHIlii Bbll111LueM Ajia n(l) pi n, TOjlbKO
rjlaBHble 4jIeHbl äcHMIITOTI4KI1 npu y —> O i4 fl* ~ 'x'. JÄ3 (4,7) i4 (4,8)
cjIeAyeT:

a

: , V " O,

ns= " : , P* ,+ CC,,

nf"= : , y " O,
jj(1) =

n!')= 1, y " "C'.

(4,10)

(4,11)
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lrIpMHIIMasl bö BFµIMaHI4e (1,19), (1,20,), (4,10) fi (4,11), Mbl Mo}keM

BbiüjlCäTb rjlaBHble 4jIeHbl ä'CFiMI1TOTHKFI Ü(1) iii h(l), a HMeHHo

" UI" _ {: , O, O}, y -+ O,

ü(')= " U') — j: , o, o}, p* ~ OO, (4,12)

. " hl')= 6, p* -> 'X', ' '

. N') = hf2) 7g5 , ?" -+ O, (4,13)

ljoBeAeHI4e I1oAbIHTel"pajlbHoü (t)yHK-

ulnf b (4,6) pa3jIpI'IHo ripu r -+ O '"y u,=(k"1)üy

IT ?"' —" CO. 3tot (l)aKT rIpHBoAI4T K
pa36ueHHIo o(jjIäQTIFT IIHTerpI4poBa hi4a

b (4,6) Hä ABe rIoAo6jlacT[4. K3 ;j'
(4,9) cjIeAyeT, 4to p"" — o (i), kolaa p""" |3*"0 '

' 1 !|ll u:r=auy
,

x — 2: ux = o (yj. OTcIoAa BblTekaeT, ,'
,

4TO IIoBepxHocTblo CToKca B rIpocTpaH-
ctbc u abjisictca IJJIOCKOCTb ux—(k—l)X '"1/(//// ü;
Xuy (puc. 3). I"IpHHHMasl BO BHI4MäHI4C /

rlogepxHocTb CTokca, rleperIHujeM (4,6)

B BI4Ae

Kl:! s2;4-g,, i O, 1, 2 (4,14) /"
Puc. 3.

r.ije

I DO ,O (X— 1)üy

S2: = h" ' j' du, S du, uf dll,u),(bl') (o,), (4,15)
—CO O — OD

1 DO m Au ,

?j =h" t S du, f du,, S' du,u),q)f')(7),), (4,16)
—qq O " (Ä71)uy

nppi4eM
Tl, — ii — U') , qj, == ii — U') . (4,17)

. Hhackc ,r'
b (4,15) o3Ha4aeT, 4to b Bblpa}KeHHI4 jjjIA qg(i) CTOAT

3Ha'leHI4s1 11('), Ü(1), h(1) npu [3"' " 'x' pi iihackc ,,2" b (4,16) O3Hä4äCT,

4to 0(l) Bblpa}KaeTcsI 'Iepe3 3th q)yHKUI4I4 npu T ~ O. Ham etue otmc-

TI4Tb, 'ito b (4,15) fi (4,16) jIoAbIHTerpajlbH,ble ¢byHKUI4H orlpeAejIAK)TcA
npu fl" -> oo it y '4 O BIIjIOTb ao iiobcpxhoctk CTokca. Aejl;leM Mbl Tä-

koc AonylueHue TOJlbKO c uenblo yllIpoLueHI4sI AajlbHeiiujlix MCCjICAOBä-
Hu. IJOCac 3aMeHbl rlepeMeHHblx ux— : tB(4,15),uk— : t b (4,16)

IX t— —t IIojIy4IIM:
1 CK) m CO

Q:=h" 5"_f du, j du, , i dt·7gCm) (o), (4,18)

'" O -T—(X—1)üy

t

·

'
I ,O ,X,

E: (A 1)üy

q = h" " S du, S du,, 'S dt3,q)?' ('ü), (4,19)
" " O' : ),1/ y

9 Bcctuhk ,in', 1968, Ni I
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rjje
. Ü' " t' + ü;, + llj, (4,20)

ü'; " 1, ü';= : — t, ü'; — 'Ü' — t+ : , (4,21)

r
;;, —1, ;;, = : — t, a,— Q)' — : t+ ::· (4,22)

Bbcacm o603Ha4eHHsI
I CO CO CO

RZi — h" " S du, S du, f dtd"'0!"(7)), (4,23)
—m O rn_µk%

n=1, 2; k=1, 2; i—O, 1, 2,

rjje
I ,

rl " T} µl"", M) — üj;,

r2 " : , P'2 == A — I, ·u)!2) == Ü/j

. lit TIC) (1,15), (1,16) I4 (1,18)
dl)(o) = t:' hg) e hl,l)u' e 4') 'ü' +

(4,24)

.

- gv"* ('-I- 2hj"o')er' (oYjF') . (4,25)

rIpMHHMaA bö BHHMaHHe (4,23), r[epermLueM (4,18) fi (4,19) b BIIAe:

SZ;= Rl?; (4,26)

ii, = Rg' — R2 (4,27)
KaK cjIeAyeT i43 (4,23), Rf'j = o (h" : ) i4 3tpi (t)yHKUIIH MoryT 6hte,

3äIIIlCäHbI cjIeAyK)LUIIM o6pa3oM:

1

r:2 — h ' !Fjj(k), k > o, (4,28)

riie
" "O 8 "

'!'!2 (k) — S du, ,f du,, $ dtd"01"(7)), (4,29)
"--" o rn "µkuy

n — 1,2; k — 1, 2; i — O, 1, 2.

rIpIIHHMasl bö BHIIMaHHe (4,26)—(4,28), jio (4,14) r[ojly4I4M

K|?| = h" : NI? + !Ij"g,' — m i—O, 1, 2. (4,30)

ÖTCIoÄä bi4aho. '1to K!? — O (h" f) i4 j[jIsI OKOH4äTCjIbHCTO pe3yj[b-

TäTä Tpe6yeTcA euje oIlpeAejmTb (l)yHKum m 3tii HccjIeAoBa-
hi4si 'iipoboahm b cjleAyIoLu[lx Ilaparpa(l)ax, me i1cxoaiim 113 Bblpa*eHIIA
(4,29), ji[m4cm Häjjo BbI4HCjIHTb tpoMe,ie MHTerpajlbl, KoTopble yxe

HCjlb3Sl oIjcHFITb acI4MTI[ToTwIccKIL
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§ 5. Onpeiieneme 0yiiKuu !I!i2 (a)

Tak KäK X > O, iipi4 BbI4HCjICHI1PI <) (A) iio (4,29) Hä/lO pa3jlmaTb

ABa cjIy'laA, a j1MeHHo cny'iau µk >0 Fi µk <0. 3to pa3jIIlqeHue bjii1sict
Hä bka O(jjIäCTH I4HTerpHpoBaHHsl (puc. 4, 5). ljpoI13BeAeM iiobopot oceii
Hä yrojl 'p, t. e. cAejlaeM b (4,29) 3aMeHy IIepeMeHHblx MHTerpHpoBaHHsl
t, u, Hä E, 'q iio (1)opMyjlaM:

t— E COS q' + "q sin 'I!', u, = 'q COS '1/ —E sin q'. (5,1)

Toma HMeeM (piic. 4, 5)
DC ,X, µkq

'E2 (') - f duz S dij j' dgdz"l'f" G'),
"" 7"nk " "

(5,2)

f'y '1
Y!

C
C

F' 'O Gk ·
,

-LE77Tuz)

'Po i? 'I ,,,,,,,,,,

r, t

T t =r,-p, üy
uz % E

Puc. 4.

· üy

|Lk"0 t 'rn"FKuy

q' ,Y rn /( f' ·' ·' ·' / ,

t
,^ ""

'Z '1

Puc. 5.

me tg '1' = ii:' '"' = V :: µj ' (5,3)

·"~ü' == E' + ¶2 + uj, (5,'4)

. ä2 = I; dz' := r, — g ('I', E, 'q); dz' —%' — 2r, g ('I', E, "q) + "2, (5,5)

g ('I!', g, 7j) —Beos '? +"qsin 'p. (5,6)
1"IepexoM b (5,2) k ctt)epl14ecKHM KoopAIIHaTaM (piic. 4)

E— r sin 6 COS '?, ¶= r COS f), u,—r sin a sin ?, I)" r, (5,7)

IIojIy4IIM (puc. 6, 7)
"«i', µk<O, i O, 1, 2,

w!2 —- n=1, 2, (5,8)
Wi2, n> O, k —1, 2,

Me
co (), 2ie—?,

ü'gj*— 8 d" f d0 f d'y' sin oäz'«" (r), (5,9)
rn O, '?1

· rn 0, 27¢ ·0 I), 22 0, 2'c—'?iFj'j—· ' $d"µ'j'?+8dr "8do.fdv+jdo 8 d: -X,

rnk O O "n O O O, 'Pi

X r' sin t)ä!2'0t') (r), (5,10)

9*
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IIpI14eM ' '.'

ätZ) , 1, ä? — r, rg, (C', 0, y); a!2) r' 2r,rg,(¢', 0, '?)+ '2, (5,11)

. g, ('I', o, y) = cos E' sin Deos '? + sin 'p cos Z , (5,12)
1 r,, . COS f), = ':', COS 02= !i? " Vl fd '°' '?, — µ, etg I). " (5,13)

"Cjih bbccti1 (t)yHKuuu

H2'ji — fß r' s'n YX,,'P|" (r) drdOdc?, (5,14)

"j
\, /1= 1, 2, .k= I, 2, i—O, 1, 2, j = 1, 2, 3,

"r^j):=F' ?j , _ _ 7 , ,,
I

r %%

'.. " · "xp'o
' \\

\1(~_" ,j7¶ '
I(I.' i'.' "//////.'/t', 1

""""""" aq ,
g'u2

·¶
Fk'Ö .

k

¶

"' E=jtc'j

I \

"" """ "":F " ',
I

/r'/ /////1/// (/1/// "/////i ,

.
1

' " "b',tg" "n . '

// Y" E
-,/p'uz

m" i

i

Puc. 6. Puc."7.

rjje XOk "L Zj/, " rgl(pk, O, '?), 7L2k " r', ' (5,15)

rnr, -< r < r, r,, -< r < co rn<r< do

(ü), =

0< 0< 0, I , w,==|O < Osä, , (l),— O,<O a, _

, (5,16)

0<'?<2n . '0<'?<2n ?,< '? -< 2f %

to (5,8) moxho IIeperIIlcaTb b BI4Ae:

, " H!20 , µk< O,' :'17"' ZH,lg, 1Lk >0,

,

(517)

' r,h li'o — Hl'k),, 1Lk < O,

'EL' _ g, (,Ji8'o H!{'l), µk >0, (5;18)

k

' r2i'i!Zc— 21",h12i + h|Z, µk<0,

'm"" ;$,äm',— 2r,H!'k', + Hf22), |Jek > O. (5,!9)

§ 6. AcHMI1ToTH'lecKHe Bblpa}KeHm Ajia N(2), P?, E(2)

BBI4Ay (4,30) k!2 MOZKHO 3äjIHCäTb cjIeÄyIoIUEIM o6pa3oM:

1

K',? — h" %o,(a), i== O, 1, 2, (6,1)
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nie , . ' i . b .

, , . u',(X) == u'(,? + !F(ä},_,ll,'ä!: , , , ,,, , (6,2)r[pHHHMaA'Bo BHI4MaHI4e (5,17)—(5,19). FI ToTAl)aKT, 'iTo'p, > O, µj, ~<'0
npii 0<ü<1 fi µk>0 (k= 1, 2) npu A>1, i13 (6:2) IIojIyqKM: .

'79',(Ä) = V, (A),, ' ' ' (6,3)

, UJ, (A) = r, V,, (A) + r9 V,, (X) — V, (k), (6,4)
7jQJ, (A) — ri V,, (R) + r? V,, (R) — 2r, V,, (A) " 2", V,, (k) + V2 (R), (6,5)

nie
V,(X) — V,,'® + V,,(A'), i = O, '1, 2, · "· (.6,6)

' m',, O<X<1,

"i1(") gHg}, A>1, ('7')

3 ' '

]i'i9,' — til?i, 9<^4 L
j"1 ' " '- ' · · " ' i

V,, (k) = " , · (6,8)

£ (i'i9) — Hg)), k :2; 1.,
, , . j=1 , I . ' 'iTak KäK TIO (2,21), (3,8) FI (3,9) K!i| =0 (E:" : ) I4 Kl?|=o (h"')»

rj]aBHb]ii 4jich acI4MIIToT[II{I4 Ajisi R? (2,17) Iiojlyqaeh npu oueHKe kihtc
rpana Kl:}, a iimchho tio (6,1) iimccm K!:| — O (h" :·). BKjIaA b rjlaBHblü

4jich äCI4MIIIITOTHKH Kl2) (2,7) AäCT Il HHTerpajj id?, TäK KäK iio (2,15)
I ·

, .
i4 (2,16) K!?) — O (h 5 ) . OTcma cjIeAyeT, 4to rjlaBHblü 4jIeH äcHMIITO-

tpiki4 (l)yHKuuü N(2), P? pi E2) rIojIyqI4M FjMeHHo ,TOMä, KorAa b (2,1)

KHTerpupyeM nö jIy4aM 1 (bjihahfk' HeBo3.«ylueHHcjro TIoToKä) ii, no bccm
oTpe3kaM 3 b IIIorpaHI44HoM cnoe (cm. pi4c. I), 4to,sicho i43 ¢m3m4cck.hx

rcoo6paxemit
rlIpI4HI4MaA BÖ BHHMäHI4C (1,1)—(1,3), (1,8), (1-,10), (2,7), (2,15)—(2,17),

(2,21), (3,8), (3,9), (6,1)—(6,8), iioji\"ii4m cjIe.uylolljjie acliMrIToTFI4ecK[le
(t)opMyjlb[ Ajisi N(2), Py2', E(2): "

.

N(') = 2 JJ nh j1 + F, (A) + O ( y,h"S)} , ' ' ' (tj,9)

: P? = 2 6, |1 + : F,,(A)+ : F,, (k) F, ®'+ O ( y,h" : )} : (6,10)

E(')= , :Th |1 + : F,, + :: F,, — F,, — : F,,4LF,"+ O (y,h !' :} " (6,11)

me
r F, (A) — 2 VE V, (R), i =0, 1, 2. (6,12)

JÄ3 (6,6) (6,12) bfÜIho, 4to acHMIIToTH'IecKoe IIoBeAeHI4e N(2), p(,2)
pi E(2) äepaBHoMcpHo b oKpecTHocTH to4km x =0. jjjIA iiojihwo oIlpeAe-

jleHIasl N(2), p!2) Fi E('j HäAo euje BbI'UICjIKTb HHTerpljlbl Hgl iio (5,14).
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§ 7": BbI414cjleHue MHTerpajloB Hg),

B HacTosllueM Ilaparpa(i)e He OCTäHoBHMcA iioapo6ho Hä BbI4HCjICHHH
MHTerpajIoB Hg!, a IIpHBeAeM TOJlbKO IIojIyqeHHble pe3yjlb'TaTbl. ljo (5,14)

14MeeM

Hgt'i = ßf "'"n Qx,k¢bg'(r) drdßd?, (7,1)

"'j
/1= 1, 2,; k = 1, 2; i=0', 1, 2; j— 1, 2, 3,

me (bg)(r)) Äk, i4 "j oIlpeAejIsIK)TcA iio (4,25), (5,15) FI (5,16). Kak bi4aho
H3 (6,6)—(6,12), AJIA Haxo}KAeHHA N('), i,?, E(') HäM HäAO 3HäTb AZ,

3 K

iii y Hg),, kpomC cny'tasi n—1, k—1. BbI4IICjIASI b (7,1) HHTerpajlbl jio

.j"1
0 I4 '?, IIojIy4I1M:

i'i!2o = 2Krnk ( :, Bl') — Bl,')) + 2rnkD!'? (k) — d2 (k), (7,2)

,,r3
£Hl,j,', == 2n [cfZ (A) — rnkC!2 (A)] + 2rnkD!2 (X) — Gl2 (I'), (7,3)
j—l

m' " Vi : 2 {D!2 (k) — r3kD2? (k) + µk'nkEn}, (7,4)
I

µk ' '
q

3

X Hg" V' ,: ,2 {" [clZ (k) — rik (cf'k (A) — B!" + :2 B?)] +

+ Dl7(k) — r3kD2? (k) + µk"nkEn} , (7,5)

ti/iZ= 2Frnk (9 b2) — Bl')) + 2rnkD!'k) (R) — Cf'k) (R), (7,6)

3
Z H!j,), = 21k [cl',) (A) — rnkCt'? Q'J] + 2rnkD?,) (R) — dZ (k), (7,7)

,j—l
me r,, µk FI rnk — BejIEUII4Hb[ I43 (4,24) El (5,3) i4

\CX)

D!'?( R) = f r"(l)l') (r) arccos (Au) dr, m — O, 1, 2, . . . , (7,8)

r n
G(,%) (a) — i r"q)l') (r) arcco, ( µ2 +1 ::,," 1 ) d,, m — O, 1, 2, . . , (7,9)

rn
OD

E, — ¢ rY r'—ri 'I'g'(r) dr, (7,10)

rn
tipiuicm €) (r) ollpeAejlsleTcsI iio (4,25) ii

rnk
Ank = µk V,2 _ ,2k' '

jjanee,
bT' = "F)' hl!) {L(,n) : V'"* jf" ') , V nh!')jT')}, m=0, 1, 2, ..

· " (7,11)
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,e

c1%' !!S'-/ll"{L8%' " :]//*'!Z " + vz'jfvj, m-O, 1,2, ...,

.
rAe

lT'- r::'_'Lt" -:- ::il)' 'T"'

(m) _ m— 1 (I) , m — 1 (m—2)Lnk —rnk Lnk "r 4 2) Lnk y

J|'"'=r:"'Pf°' + Z; jf""" + V":,,? lT"'

4%'— r:'k_'Pf°] F "S jt't'_" + V,;,, Ll%_".

(7,12)

(7,13)

(7,14)

(7,15)

(7,16)

f
f (7,13)—-(7,16) Bblpa}KaIoTcA IIocjIeAoBaTejlbHo 4epe3

"~ . . '? - : Vr* I' "' ('n Vm')] )
'12— : V",:, ['- e'f (r,,, ]/2hf")]j (7,17)

L!l') 4:2) e"'"jn' i, l !i'3 4:tl) e"'"M, ,

jf" = : jl"' :L'){l- j"f('"n VE']'} '

J|°k'= : V" ,,j; {1- ["f ("Ik Vugj:||'}'

pf" _ & ,_'!i'"? ,,f(rn VW)'

A2 " 2:!,,) e"'f') '?k ,,f (r,, V Äjn) ,

me E') BbI4HCjIÄFOTCSI iio (4,13). Kcik cjIeAyeT Il3 (7,8) (7.12) Bl") i4" E,,

ABJIAIOTCA IIj)ocTo 414CjIäMM, B TO BpeMsI KäK D!':), gF%) Fl c¶%) 3äBFICAT OT -

rlapaMeTpa k. ÖCTäBwKCCA I4HTerpajlb[ rjo r (7,8)—(7,10) HäAO B3A'Tb 'iii-

cjIeHHo. ,

§ 8. Pac4eT llpHMepoB Pf pe3yjlbTaTb[

Ha piic. 8 HäHCCCHbl rpaOpIKFI 6e3pa3MepHblx BejIH4HH (OTHCCCHHblX

k BcjIwII4HäM b HeBo3MylueHHoM jiotokc) 4äCTOTbl j'AapoB lV" MojleKyjl
o nnaci HHKy, KacaTej[bHoro HMIIyjlbca P: pf 3HeprFIH E*, rlepeAaBaeMFi[x

MojleKy.'laMH I1jIäcTHHKc, b 3äEMcMMocTI4 ot k, rAe

1

k — ;, , O < y, < /1"j h : M', -

lV" == h'"N('), P: : p!')h*, E"' = h*E('), h"' = 2 Yä/i,

IIpIu[ehf N('), P!') fi E(') oIlpeAejIsIIoTcA iio (6,9) (6,11). PacqeT N", P: '

fi E" npoBoAHjIcsI llO (t)opMyjlaM (6,9)—(6,11) npu pa3Hblx 3Ha4eHI4sIx k,
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IlpuqeM bxoäallü4c b 3ti4 ¢opMyjlbl rIpocTble IIHTerpajlbl (7,8)—(7,10) Bbl-
4HCJISIJIHCb 4i1cjichho IlO MeToAy 1"aycca |7]. B pe3yjlbTaTe 3tfix pac4eToB,

ÄOCTäTO4HO i"pomo3aki4x, 6e,ijifi nojly4eHbl BbIIijeyKa3aHHble KpI4Bble.
1A3 3thx rpa(imKoB beiäho, 4to N*, e :, E* npii O < k < 1 CHä4äjlä

'b

iio4ti4 IIOCTOSIHHbj, a iiotom y6bIBaIoT. 1"Ipu A == 1 ÄOCTMäCTCA MMHIIMyM
3ti4x bcjih4i4h. B I1poMe}KyTKe 1 < X < 5 3TIFi (i)yHKu[4u pc3ko Bo3[McTäIoT,

a IIOTOM AäjlbILIC BHI13 IlO IIOTOKJT MX 3Hä4CHMSI BblpaBHI4BaIoTcA.

Z,Z

2,0 N* " "" '

1,8

1,6
, *
t

q

1,l,' F" N*- /i'N(2)
" . E "= /1* E (2)

1,2 ^> ,7"7 P:= f 'i"p,?)
h"= 2 VF":

1,0

(7,R

^ m

.

r
E

.

O 1 2 3 4 5 6 7 8 9 10 11
· ^

0

Puc. 8.

Hami'nie MI4HHMyMa (t)yHKuu N", P:, e" b oi@üthocth to4kh a— 1

(T. e. npu X =yj MOXCT (JbITb o(5ycjIoBjIcHo TeM,. 'ITO Mbl paccMaTpIlBajIH

TOJlbKO oAHoKpaTHble cTojIKHoBeHI4sl fi, TäK KäK M bcjifiko, Ha6eraK)luu
iiotok b oKpecTHocTFI to4kh x = O oT6pacblBaeT TOjJbKO 'ito o6pa3oBaB-
IIIFliiCA IJOTOK oTpa}KeHHblx 4acTIlu 4J7Tb AäjjbWC bhfi3 IlO IIoToKy (me
cj)ä3j/ Ha6jIK)AaeTcsl pC3Koe BO@äCTäHHC paccMaTp11BaeMblx bcjih4iih). IAx

iioctosihctbo y caMoii kpomkii Ilj1äC'WHKIi McnKeT (JbITb o6ycjIoBjleHo tcvi,

'ito TäM iipocto etue hc cvlucctbj'ct oTpa}KeHHblii tiotok ii BKjIä1[ b 3Hä-
4chi1si (l)yHI{uu lV", P:, E"' llojly4aeTcA TOJlbKO ot Ha(5erajolullx 'iäcTI1LL

Kopo'ie roBopA, 3ä rloslBjjeHHe MI4HI4M'j/Mä (i?yHK!ju lV", P:, e* 'b

oKpecTHocTI4, to'iki4 X— 1 oTBe'laeT 3(b(|)eKT 3aropa}KHBaHHsl Ha6eraK)LUHx

Mojlek"yjl tiotokom oTpa}KcHHblx 4äCTIIIj(. MO)KHO CRKILüäTb, 'ITO npu pac-
cmotpchi4h AByx-, TpcxKpaTHb]x fi t. a. CtOjtkhObChU 3tot 3¢)(l)eKT oe-
jIa6jlAeTcA, TäK KäK b'3tom cny'iae MCHbjjjC MojleKyjl rla,uaeT Hä IIjjäcTHHKj',

cj]eAoBaTejlbHo, MeHbllle oTpazKaeTcsl ei MCHbLLIC 3aropaxMBaeTcsl. Tciki4m
o6pa3oM, mozkho ripeAIionaraTb, 4to b 'ÄajIbHeüujux IUM6jII,I}KeHFin mh-
HKMyM (i)yHKuu lV'", P:," E* ripu A—1 BblpaBHMBaeTcA fi 3HaqeHwI 3ti4x

¢t)yHKuu npu O < )6 < 5 Bo3pacTaIoT dt rlepeAHeü KpoMKIi Ilj!äCTHHKI4

BHI13 IIO IIoToKy.
r!poBeAeM Ka'lecTBeHHoe cpaBHeHEIe rlojly4eHHblx pe3yjlbTaToB c iipy-

jj4mi4 pa6oTaMH [8]—[16j. Mej 11poboa!4m mmchho Ka'{ecTBeHHoe cpaBHe-

hpic, TäK KäK b yKa3aHHblx pa6oTax ÖbIAFI rIojIy'leHbl iiotoki4 14Mnyjlbca
Il 3Heprl4u Hä IIojIy6ecKoHe'lHoiä l1jIäCTI4HKC Iljj14 pa3j!F14Hblx M fi Te!vlrle-

paTypax TopMo)KeHI4sl, b to BpeMsl KäK b AaHHoiä pa6oTe 3ti4 BejIIUIHHbl
6hjih Ilojly4eHbl b 3ä.BHCIIMOCTFI ot r!apaMeTpa )4. Haiio OTMCTI4Tb 'uto" bö
bccx 3ti4x pa6oTax mccjicaj'ctca B3aFnlfoAeücTBHe yAapHoiä BOjIHbl c nö-
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rpaHH4HbIM cjiocm. y Häc yAapHaA BojIHä He o6pa3yeTcA, TäK KäK IIjIä-
' CTIIHKä 6ecKoHeq ho TOHKä. B TeopeTuqecKHx pa(SoTaR aBTopbl -iioji b3O-

BäjlkiCb JIH(JO OÖbl'IHbIMH ypaBHeHI4sIMU Ajis1 IIIoI"paHpI4Horo CjIOSl ]8], [9],
[13], mi6o cTpoIL/In I1ojIy3MIIHpHqec quo Teopulo [15], OCFIOBHBäSICb Ha

'3KcIIepKMeHTajlbHblx (l)aKTax [14], [16|. I"lpu TäKOM IIoAxoAe '(JbIjIO 3ä-
TpyAH'HTejlbHo 14ccjIe,uoBaTb rIoBeÄeHue iiotokob MäCCbl, MMr[yjlbca i4 3Hep-
niu b oKpecTHocT[1 ['IepeAHcEI kpomki4 IIjIäcTHHKH, TäK KäK TäM BO3HHKäCT

O(JJIäCTb Te4eHm co CKOjIbXCHHCM hjipi 3oHä CAHHK4HblX cTojIKHoBeHIu.
3Aecb I4ccjIeAoBaHHA /IOJRKHb1 [IPOBOAHTbCSl yxe C KI4HeTI44ecKoü TO4KI4
3peHHsL TaKI4M o(jpa3oM, b yKa3aHHblx pa6oTax 6e,ijih IIojIy4eHbl KpI4Bble

jjjIA oTHoIIIeHElsl AaBjleHHsI Ilä iiobcpxhocti1 k AäBjIcHI4Io b HeBo3MylueH-
hom ,iiotokc [12], [13j "pi 1i,/isi Ko3¢)¢)I4u[leHTa Te ljIooöMeHa [14| —[16| b
3äBIICI4MOCTH OT X, Hä4üHäSl C HeKoToporo paccTosIHHsI Xo OT HOCKä j1jIä-
CTIIHKFi npw pa3jI144Hblx M pi TeMrlepaTypax topmo}kchhsl B to4kc x =xq

3tpi (i)yHKUHH 14MeIoT MaKcI4MajlbHoe 3Ha4elll4e, iiotom Aajlb[lje bhi13 iio
[1oToKy 3tpi BCJII44HHbl yöbIBaEoT. Hanpu,wep, b 3Kcr[ep[lMeHTajlbHoü pa-
6oTe [12] neµoe oTBepcTI4e Aj[a oT6opa AaBjleH[jA pac[lojIo}KeHo Hä pac-

ctoahhh x =4,9 mal ot' rlepeAHeü kpomkil

CyluecTByIoT pa3Hble rlpeAIIojIo*eHHsl o rIoBeAeHI4H iiotokob HMIIyjlbca
14 3Hepr[u1 b o6jIacTK 0"< x<x,, [12|, [14]-- [16]. TaK,· b [12] TIoKaaaHo,

'ito iio AaHHbIM TelljlepoBcKHx (1)oTorpa(bm otholijchhc AaBjIcHM Hä ne-

pemeü KpoMKe, BbI'II4CjICHHOC iio yrny HaKjIoHa yAapHoü BOJIHbl. 3Hä4ü-
TCjlbHO hi4)kc oTHoLueHHsl AaBjIeHIlii b To'l!{e x,), pacrlojlo*eHHoü HCCKOJIbKO

AäjIbjIIC iio IIoToKy 3a [lepeAHeü KpoMKoii. To xe caMoe rIojIy'laeTcsI Allst
Ko30(1MuuelITa TerIjIooöMel[a [14|. ÖTCKAä AejlaeTcsl BbIBOA(, 'ito, Ha4[4Hasl

ot nepemeü kpomkh, oTHoLueHHe AaBjIeHI4ii Hä njlacTHHKe yBejlwnIBaeTcsI '

j(o HekoToporo MäKCHMäjlbHCTO 3Ha4eHllsl b To'IKe, jIe}Kalueii HecKojlbko
Aajlbllle bhi43 iio IIoToKy, a' iiotom yöbIBaeT. B [15j, [16] Ha ocHoBe no-

.'Ty4eHHoro TäM coothoijjchhsi ajia MecTHblx 4hccji CTaHToHa AejlaeTcA bn-

boä, '1to b 3äBHCI1MOCTI4 ot M Ha6el"aloluero IIoTOKä 3Hä'lCHI1A TCIIJIOBblX

1IOTOKOB B 3OHC CAHHH4HblX cTojIKHoBeHu MoryT Idjlll y6bIBaTb (npy Ma"
jIblX M), hjii1 Bo3pacTaTb (npu (JOjIbLUKX M) npu yAajleHI4[4 ot rlepeAHeü

kpomkii. B[4a KPHBblX 3ti1x bcjik4i4h b 3äBI1CI4MOCTH ot x ripu O <x < xo

3thm14 HccjIeAoBaTejIsIMH He (JbIjI HaüAeH.
IAMeeT mccto xopouiee Ka4ecTBeHHoe coBrlal1eH[4e IIojIy4eHHb[x b AäH-

Hola paöoTe KPIIBblX (KpoMe o6jIacT[4 O < )4 < I) c pe3yjlbTaTa.du paöoTbl
M. H. Koraria d A. M AerTApeBa [17]. B 3Toii paöoTe r[ojly4eHb[ kph-

BblC jIjia i1otokob IlMnyjlbca i4 3HeprI4I4 Ha 6ecKoHe'lHoü tohkoH IljIäCTHHKC
6ecKoHe'lHoro pa3)/laxa Ajii1hoH L ripu (JOJIbUII1X M Pac'jeT iipoboahjicsi

4HcjleHHo iio MeToAy MoHTe-Kapjlo Hä ocHoBe ypaBHeHIIsI 6ojIbuMaHa b

paMKax oAHoKpaTHblx ctojikhobchU npu pa3jI144Hblx M FI Kn. 1A3 3TFIX .

kpkbhx BHjjHo, 4to 11otoki1 MMIlyjlbca iii 3Heprllu Bo3pacTaIoT BÄ(Mb 11jIä-
CTllHbl OT rlepeAHeEi kpomkh, npu'te,u 3to Bo3pacTaHlle O4CHb pe3Ko npu

MäjIHx x, a i1otom AajlbIlle bhi13 iio I1oToKy 3Hä4CHI1A 3TJlX bcjii14hh Bbl-
paBHHBaIoTcA. ' ·

Summary

"\The gas macroparameter iluxes near the leading edge of a plate
are investigated as the second iteration of the integral kinetic operator
of a monoatomic rarefied gas for large M.
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